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We present methods of finding complex eigenvalues of the Liouvillian of an open quantum system.
The goal is to find eigenvalues that cannot be predicted from the eigenvalues of the corresponding
Hamiltonian. Our model is a T-type quantum dot with an infinitely long lead. We suggest the
existence of the non-trivial eigenvalues of the Liouvillian in two ways: one way is to show that the
original problem reduces to the problem of a two-particle Hamiltonian with a two-body interaction
and the other way is to show that diagram expansion of the Green’s function has correlation between
the bra state and the ket state. We also introduce the integral equations equivalent to the original
eigenvalue problem.
PACS numbers:
I. INTRODUCTION
If a system has a compact potential in an infinite vol-
ume, we can obtain complex eigenvalues of the Hamil-
tonian under the boundary conditions of outgoing waves
only or incoming waves only [1, 2], or with the Feshbach
formalism [3, 4]. The eigenstates corresponding to the
complex eigenvalues are not ghost states but have phys-
ical meaning; they describe resonance states, which play
crucial roles in high-energy physics, and the imaginary
part of the complex eigenvalues is the inverse lifetime
of the corresponding resonance state [2, 5–22], though
they do not have probabilistic interpretation because of
divergence of their norms (See, however, Ref. [1] for an
extended probabilistic interpretation.).
A discussion of the same sort can be applied to the
Liouvillian, which is the generator of the time evolution
of density matrices in the von Neumann equation:
i
∂
∂t
ρ = Lρ = [H, ρ] = zρ, (1)
where we use a unit with ~ = 1. In the infinite sys-
tem with a compact potential, we expect that the Li-
ouvillian can have complex eigenvalues z under certain
boundary conditions, which have not been yet under-
stood well, or with the Feshbach formalism for the Li-
ouville operator. For finite systems, all the eigenvectors
and the eigenvalues of the Liouvillian are written in the
forms ρnm = |n〉〈m| and znm = En − Em, respectively,
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where |n〉 and En are a discrete eigenstate and its eigen-
value of the corresponding Hamiltonian, respectively For
infinite systems, on the other hand, the discrete eigen-
values of the Liouvillian may be of two types: one is
zαβ = Eα − Eβ , where α and β are indices of discrete
eigenvalues of the corresponding Hamiltonian including
their complex eigenvalues, and the other is the type not
written in the form Eα − Eβ , which we call nontrivial
eigenvalues. An example of the nontrivial eigenvalue for
the one-dimensional quantum gas interacting by the delta
function potential has been discussed on the level of the
weak coupling approximation by the one of the authors
[23]. He showed that the nontrivial part of the eigenvalue
gives a transport coefficient of the system. In contrast,
we here present another example without any approxi-
mation.
In the present research, we present methods of finding
nontrivial eigenvalues of the Liouvillian of an open quan-
tum system. The reason why we are interested in such
eigenvalues is that the eigenstates corresponding to them
may include physically relevant non-equilibrium states,
and the imaginary part of the eigenvalue can be the in-
verse relaxation time. In contrast to finite systems, infi-
nite systems have dissipation of particles into the infinity.
Therefore, a state with relaxation can be an eigenstate of
the Liouvillian under appropriate boundary conditions.
Its eigenvalue may be complex and the corresponding
eigenstate may be of the form
∑
α,β cαβ |α〉〈β| with some
coefficients cαβ . We can find such a state not by analyz-
ing the Hamiltonian, only by analyzing the Liouvillian.
The paper is organized as follows. In sec. II, we ex-
plain a model that we treat in the present paper and
our approach. In secs. III and IV, we present methods of
finding nontrivial eigenvalues of the Liouvillian and show
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FIG. 1: The T-type quantum dot with an infinite lead.
evidence for their existence. In sec. III, we show it from
the correspondence of the original Liouvillian and a two-
particle Hamiltonian which has a two-body interaction.
In sec. IV, on the other hand, we show it by indicating the
operation of a Green’s function on the bra state and the
ket state simultaneously. In appendix A, we introduce
some properties of the Liouville space and our notation.
In appendix B, we also show that the original problem
reduces to two simultaneous integral equations.
II. MODEL AND APPROACH
Let us introduce the system that we consider. We an-
alyze an open quantum system. The particle can then
dissipate into the infinity. A T-type quantum dot with
an infinitely long lead (Fig. 1) is the simplest model that
has the above properties. The Hamiltonian is given by
the following:
H = −t
∞∑
x=−∞
(c†x+1cx+ c
†
xcx+1)+(−t1)(d
†c0+ c
†
0d), (2)
where c†x and cx are the creation and annihilation oper-
ators at the site x on the lead, while d† and d are those
at the dot site. We can rigorously obtain the spectrum
of H . In particular, the Hamiltonian has complex eigen-
values under the boundary conditions of out-going waves
only or in-coming waves only. For this system, we define
the projection operators Ps and Qs as follows:
Ps = |d〉〈d|, (3)
Qs =
∞∑
x=−∞
|x〉〈x|, (4)
and thereby we have
PsHPs = 0, (5)
PsHQs = −t1d
†c0, (6)
QsHPs = −t1c
†
0d, (7)
QsHQs = −t
∞∑
x=−∞
(c†x+1cx + c
†
xcx+1). (8)
Our aim is to solve the eigenvalue problem of the cor-
responding Liouvillian:
Lρ = [H, ρ] = zρ (9)
under appropriate boundary conditions for obtaining
complex eigenvalues. We employ the Feshbach formalism
[3, 4], which was originally developed for the eigenvalue
problem of Hamiltonians. Then, Eq. (9) is written in the
form
Leff(Pρ) = z(Pρ), (10)
where
Leff = PLP + PLQ
1
z −QLQ
QLP (11)
with P and Q defined in Appendix A. We have
PLP = (Ps × Ps)(H × 1− 1×H)(Ps × Ps)
= PsHPs × Ps − Ps × PsHPs = 0 (12)
because of Eq. (5), where the operation ‘×’ is defined in
Appendix A.
Since Eq. (10) is given in the P space, we need the
element 〈〈d, d|Leff |d, d〉〉:
〈〈d, d|Leff |d, d〉〉 = t
2
1〈〈d, 0|
1
z −QLQ
|d, 0〉〉
−t21〈〈d, 0|
1
z −QLQ
|0, d〉〉
−t21〈〈0, d|
1
z −QLQ
|d, 0〉〉
+t21〈〈0, d|
1
z −QLQ
|0, d〉〉, (13)
where
|d, d〉〉 := |d〉〈d| = d†|vac〉〈vac|d, (14)
|d, 0〉〉 := |d〉〈0| = d†|vac〉〈vac|c0, (15)
and so on, with |vac〉 being the vacuum state. Thus, the
problem of analyzing Eq. (11) is reduced to obtaining the
Green’s function of QLQ:
QLQ = QsHQs × 1− 1×QsHQs
+QsHPs ×Qs −Qs × PsHQs
+PsHQs ×Qs −Qs ×QsHPs. (16)
III. CORRESPONDENCE OF THE
ONE-PARTICLE LIOUVILLIAN AND THE
TWO-PARTICLE HAMILTONIAN
Let us introduce our main result of this paper in this
section. We show that the one-particle Green’s function
of QLQ is equal to the two-particle Green’s function of
a new Hamiltonian H. In order to map the eigenvalue
problem of the Liouvillian to the eigenvalue problem of
the Hamiltonian, we use some powerful methods; i.e. the
Dyson equation, closure, and so on.
ThoughQLQ is a super-operator which acts on density
operators, the density operators belong to a Hilbert space
3with the inner product (A4) in Appendix A. Therefore,
we can treat QLQ as a usual operator which acts on the
Hilbert space spanned by the states |i, j〉〉.
Let us here introduce a two-particle Hamiltonian:
H = Halead +H
b
lead +Hint, (17)
Halead = −t
∞∑
x=−∞
(a†xax+1 + a
†
x+1ax), (18)
Hblead = +t
∞∑
x=−∞
(b†xbx+1 + b
†
x+1bx), (19)
Hint = −t1(a
†
0ad + a
†
da0)(1 − b
†
dbd)
+t1(b
†
0bd + b
†
db0)(1 − a
†
dad), (20)
where the a particle and the b particle are different and
mutually commutative. Then the algebraic structure of
H is exactly the same as that of QLQ in Eq. (16):
QsHQs × 1←→ H
a
lead
−1×QsHQs ←→ H
b
lead
QsHPs ×Qs ←→ −t1a
†
0ad(1− b
†
dbd)
−Qs × PsHQs ←→ +t1b
†
0bd(1 − a
†
dad)
PsHQs ×Qs ←→ −t1a
†
da0(1− b
†
dbd)
−Qs ×QsHPs ←→ +t1b
†
db0(1 − a
†
dad)
In this way, the original problem of obtaining the Green’s
function of QLQ reduces to obtaining the Green’s func-
tion of the two-particle Hamiltonian H.
Using the Dyson equation, we can rigorously show that
the elements of the Green’s function of H are represented
by the Green’s function of H0, where we rearrange the
Hamiltonian (17) as follows:
H = H0 +H1 = H
a
0 +H
b
0 +H1, (21)
Ha0 = −t
∞∑
x=−∞
(a†xax+1 + a
†
x+1ax)
−t1(a
†
da0 + a
†
0ad), (22)
Hb0 = +t
∞∑
x=−∞
(b†xbx+1 + b
†
x+1bx)
+t1(b
†
db0 + b
†
0bd), (23)
H1 = +t1(a
†
0ad + a
†
da0)b
†
dbd
−t1(b
†
0bd + b
†
db0)a
†
dad, (24)
The two-particle Green’s function of H0 is then given
by the convolution of one-particle Green’s functions as
follows:
〈i′, j′|
1
z −H0
|i, j〉 =
1
2pii
∫ ∞
−∞
dE1〈i
′|
1
z − E1 −Ha0
|i〉〈j′|
1
E1 −Hb0
|j〉.(25)
The method of obtaining the one-particle Green’s func-
tions 〈i′|(z − E1 − H
a
0)
−1|i〉 and 〈j′|(E1 − H
b
0)
−1|j〉 is
shown in Ref. [25].
We stress here that H has a two-body interaction H1.
This means that the evolution of the bra state and the ket
state may correlate in the Liouville space, which suggests
that some of the eigenvectors are not of the form |α〉〈β|
and their eigenvalues z are not of the type of Eα − Eβ .
IV. DIAGRAM EXPANSION OF THE GREEN’S
FUNCTION
In the present section, we show another sign of the
existence of the nontrivial eigenvalues, which is not the
type of Eα−Eβ , by describing the diagram expansion of
the Green’s function of QLQ.
We now divide the Green’s function of QLQ into the
following two parts:
QLQ =L0 + L1, (26)
L0 =QsHQs × 1− 1×QsHQs, (27)
L1 =QsHPs ×Qs −Qs × PsHQs
+ PsHQs ×Qs −Qs ×QsHPs. (28)
We then define G and G0 as follows:
G =
1
z −QLQ
, (29)
G0 =
1
z − L0
. (30)
Then we obtain
G = G0
∞∑
n=0
(L1G0)
n, (31)
using the resolvent expansion.
Hereafter, we introduce our diagram exemplified in
Fig. 2:
• The upper line shows the time evolution of the bra
state.
• The lower line shows the time evolution of the ket
state.
• A thin vertical line indicates the action of L1,which
move the particle from the lead to the dot or from
the dot to the lead by one step.
• A square indicates the action of G0.
Considering that the necessary elements of G are those in
Eq. (13), we can describe the term n = 2 of the expansion
(31) as Fig. 2. (The diagrams expressed in the form of
integral equations are given in Appendix B.)
The action of G0, which has information that the sys-
tem has an infinite volume, acts on the bra state and
the ket state simultaneously. This again suggests the
existence of the nontrivial eigenvalues which cannot be
described as Eα − Eβ .
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FIG. 2: The diagrams for the term n = 2 of the expansion
(31).
V. SUMMARY
In the present paper, we considered the eigenvalue
problem of the Liouvillian of a T-type quantum dot with
an infinitely long lead and presented methods of finding
nontrivial eigenvalues.
In secs. III and IV, we showed evidence for the exis-
tence of the non-trivial eigenvalues of the Liouvillian. In
sec. III, we showed it from the correspondence of the orig-
inal Liouvillian and the two-particle Hamiltonian which
has a two-body interaction. In sec. IV, on the other hand,
we showed it by indicating the simultaneous operation of
G0 on the bra state and ket state. Using the result in
sec. III, we have obtained nontrivial eigenvalues approxi-
mately by discretizing the integration in Eq. (25), which
may be reported elsewhere.
Appendix A: The Liouville space
In the present Appendix, we introduce some proper-
ties and notations for simplicity of calculations. In the
Liouville space, the operators are cumbersome to treat.
The following notations are convenient for calculations.
The Liouville space consists of density matrices ρ and is
a Hilbert space with an inner product 〈〈α′β′|αβ〉〉 defined
as follows;
|α, β〉〉 := |α〉〈β|, {|α〉} : CONS, (A1)
ρ =
∑
α,β
cαβ|α, β〉〉, (A2)
L|α, β〉〉 = [H, |α〉〈β|] = (Eα − Eβ)|α〉〈β|
= (Eα − Eβ)|α, β〉〉, (A3)
〈〈α′, β′|α, β〉〉 := tr[(|α′〉〈β′|)†(|α〉〈β|)] = δαα′δβ′β,(A4)
1 =
∑
α,β
|α, β〉〉〈〈α, β|. (A5)
Throughout the paper, the operators that are denoted
by capital letters without subscripts are in the Liouville
space and operate on density matrices, while those with
the subscript ‘s’ operate on state vectors of the original
Hilbert space. For simplification, we introduce the oper-
ation ‘×’ as follows:
(As ×Bs)ρ := AsρBs, (A6)
As × (bBs + cCs) = bAs ×Bs + cAs × Cs, (A7)
(bBs + cCs)×As = bBs ×As + cCs ×As, (A8)
(As × 0)ρ = 0 = (0×Bs)ρ, (A9)
(Cs ×Ds)(As ×Bs) = CsAs ×BsDs, (A10)
where ρ is a density matrix and b and c are c-numbers.
Then the Liouvillian is given by
L = H × 1− 1×H, (A11)
because then we have
Lρ = Hρ− ρH = [H, ρ]. (A12)
We also define the projection operators
P := Ps × Ps, (A13)
Q := Qs ×Qs + Ps ×Qs +Qs × Ps, (A14)
P + Q = I, (A15)
Ps + Qs = Is, (A16)
where operators denoted by I and Is are the identity op-
erators in the respective spaces, P and Ps are projections
on the main system, and Q and Qs are projections on the
environment.
Appendix B: Integral equations
In the present Appendix, we show that obtaining the
elements of the Green’s function of QLQ is equivalent to
solving two simultaneous integral equations.
Using the Dyson equation up to the second order,
G = G0 +G0L1G0L1G, (B1)
where the first-order term vanishes, we obtain the rela-
tions:
〈〈x, d|G|0, d〉〉 = 〈〈x, d|G0|0, d〉〉
− t21
∑
x1,x3
〈〈x, d|G0|x1, d〉〉
〈〈x1, 0|G0|0, x3〉〉〈〈d, x3|G|0, d〉〉
+ t21
∑
x1,x2
〈〈x, d|G0|x1, d〉〉
〈〈x1, 0|G0|x2, 0〉〉〈〈x2, d|G|0, d〉〉, (B2)
〈〈d, x|G|0, d〉〉 = t21
∑
x1,x3
〈〈d, x|G0|d, x1〉〉
〈〈0, x1|G0|0, x3〉〉〈〈d, x3|G|0, d〉〉
− t21
∑
x1,x2
〈〈d, x|G0|d, x1〉〉
〈〈0, x1|G0|x2, 0〉〉〈〈x2, d|G|0, d〉〉, (B3)
5〈〈d, x|G|d, 0〉〉 = 〈〈d, x|G0|d, 0〉〉
+ t21
∑
x1,x3
〈〈d, x|G0|d, x1〉〉
〈〈0, x1|G0|0, x3〉〉〈〈d, x3|G|d, 0〉〉
− t21
∑
x1,x2
〈〈d, x|G0|d, x1〉〉
〈〈0, x1|G0|x2, 0〉〉〈〈x2, d|G|d, 0〉〉, (B4)
〈〈x, d|G|d, 0〉〉 = −t21
∑
x1,x3
〈〈x, d|G0|x1, d〉〉
〈〈x1, 0|G0|0, x3〉〉〈〈d, x3|G|d, 0〉〉
+ t21
∑
x1,x2
〈〈x, d|G0|x1, d〉〉
〈〈x1, 0|G0|x2, 0〉〉〈〈x2, d|G|d, 0〉〉. (B5)
We define the Fourier elements of 〈〈x, d|G|0, d〉〉,
〈〈d, x|G|0, d〉〉, 〈〈d, x|G|d, 0〉〉, and 〈〈x, d|G|d, 0〉〉 as
G(0d)(k; d), G(0d)(d; k), G(d0)(d; k) and G(d0)(k; d). Then
we obtain two simultaneous integral equations:


G(0d)(k; d) = 1
z+2t cos k − t
2
1
∫ pi
−pi
dk2
2pi
G(0d)(d;k)
(z+2t cos k)(z+2t cos k−2t cos k2)
+ t21G
(0d)(k; d)
∫ pi
−pi
dk2
2pi
1
(z+2t cos k)(z+2t cos k−2t cos k2)
,
G(0d)(d; k) = t21G
(0d)(d; k)
∫ pi
−pi
dk1
2pi
1
(z−2t cos k)(z+2t cos k1−2t cos k)
− t21
∫ pi
−pi
dk1
2pi
G(0d)(k1;d)
(z−2t cos k)(z+2t cosk1 −2t cos k)
,
(B6)


G(d0)(d; k) = 1
z−2t cos k − t
2
1
∫ pi
−pi
dk2
2pi
G(d0)(k2;d)
(z−2t cos k)(z−2t cos k+2t cos k2)
+ t21G
(d0)(d; k)
∫ pi
−pi
dk2
2pi
1
(z−2t cos k)(z−2t cos k+2t cos k2)
,
G(d0)(k; d) = t21G
(d0)(k; d)
∫ pi
−pi
dk1
2pi
1
(z+2t cos k)(z−2t cos k1+2t cos k)
− t21
∫ pi
−pi
dk2
2pi
G(d0)(d;k2)
(z+2t cos k)(z−2t cosk2 +2t cos k)
.
(B7)
Then, the original problem reduces to solving the above
two simultaneous integral equations. In other words,
solving the problem in the ways of secs. III and IV gives
a solution of the integral equations.
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